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1 Introduction 



One of the most important achievement of the representations of the affine Lie 
algebras and their groups is surely the Lie theoretical explanation of the Hirota [§J 
bilinear approach to the soliton equations. This beautiful piece of mathematics 
is the result of an important sequence of relevant papers, which starts in 1981 
with the works of Sato j2H] [2H]' where the link between the soliton equations 
and the infinite-dimensional groups has been brought to the light for the first 
time. Some years later Date, Jimbo, Kashiwara and Miwa gave a construction 
of the Kadomtsev-Petviashvili (KP) and Korteweg-de Vries (KdV) hierarchies 
in terms of the vertex operators representating the affine lie algebra and 5^ 
respectively, while Segal and Wilson 26, have examinated the same equation 
from a geometrical point of view. Finally Drinfeld, Sokolov Kac Peterson and 
Wakimoto ^2] [IS] [E] have extended this theory to all affine Lie algebras. These 
results have suggested to find a similar interpretation for others hierarchies of 
soliton equations, for example in a recent work [3] Billig has obtained this goal 
for the sine-Gordon. 

The main aim of the present paper is to contribute to the research in this 
direction. Our starting point is the following "coupled KdV equations" which 
appears in many very recent papers of different authors like Hirota, Hu, Tang, 
[TUj, Sakovich [22], Kakei [To]: 

v t + 6vv x + v xxx = 

(1.1) 

w t + 6vw x + w xxx = 0. 

The corresponding bilinear Hirota form of these equations (and actually of many 
others closely related, among them "coupled KP equations" (221) is namely known 
[TUj together with some soliton solutions, but, as far as we know, it is still missing 
their broader Lie-theoretic interpretation. In this paper we shall show how these 
equations are a particular case of a very wide class of "coupled soliton equations" 
which can be obtained using the vertex operator realization of a new class of 
infinite dimensional Lie algebras. These latter algebras are the affinization of 
not simple finite dimensional Lie algebras, which still posses a symmetric non 
degenerated ad-invariant bilinear form. Therefore in our long journey towards 
our task we shall be enforced to develop a vertex operator algebras theory for 
a class of Lie algebras which are not the the affinization of semisimple ones. 
Nevertheless our construction will allow us to produce coupled soliton equations 
corresponding to each of the Drinfeld-Sokolov and the AKP BKP CKP DKP 
hierarchies, although for sake of brevity only the case of the coupled AKP BKP 
and their reductions to opportune generalisations of the affine Lie algebras A^ 
A^\ A^ and and B% are explicitly examinated in the paper. These reductions 
in turn provide a clear explanation of how the coupled KP equations become the 
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coupled KdV ones by neglecting the dependency from one particular variable. 
Finally the action on the space of representation of the corresponding infinite 
dimensional groups will provide, exactly as in the usual class of multi- 

soliton solutions. 

The paper is organised as follows: in the second section we shall describe 
a class of finite dimensional Lie algebras known in the literature as polynomial 
Lie algebras [I7|,[2T] which, roughly speaking, can be regarded as direct sum of 
semisimple Lie algebras endowed with a non canonical Lie bracket . We shall show 
that these Lie algebras can be constructed in completely different ways: namely as 
particular finite dimensional quotients of an infinite dimensional algebra and as a 
Wigner contraction of a direct sum of finite dimensional semisimple Lie algebras, 
or finally as tensor product between a finite dimensional Lie algebra q and a 
nilpotent commutative ring. Further we shall show how on these Lie algebras is 
defined a class of symmetric non degenerated ad-invariant bilinear forms if a such 
bilinear form exits on g. In the next section it will be shown how these latter 
bilinear forms can be used to affinize those in general non simple Lie algebras. 
Then in section 4 their vertex operator algebras construction is presented. Once 
this result is achieved we can tackle the problem to construct the corresponding 
generalised Hirota bilinear equation and their multisoliton solution in term of 
r-functions. This will be done in the fifth and last section where further the case 
of the coupled AKP BKP and their reduction to Lie algebras generalising the 
algebras A± , A^\ Af\ and B% are presented into details. 



2 The polynomial Lie algebras 

The aim of this first section is to construct in a few different ways a class of 
finite dimensional Lie algebras (called in what follows polynomial Lie algebras 
to keep the name usually used in the literature, see for example [T7] and |2T] ) 
which are going to play a crucial role in the whole paper. The reader will surely 
recognise that actually our constructions can be straightforward generalised to 
the realm of the infinite dimensional Lie algebras; but, although we shall need 
for our porpoises this generalisation, let us here for sake of concreteness restrict 
ourself to the maybe simpler finite dimensional case. 

Let g be a finite dimensional Lie algebra over C and let us denote by C(A) 
the ring of the polynomials in a complex variable A with coefficients in C: 

k 

C(A) ={J]qV| k eN}. (2.1) 

i=0 

The space C(A) of course inherits form its associative and commutative prod- 
uct an abelian (i.e. trivial) Lie algebra structure. Therefore we can regard the 
space 

fl(A)=fl®C(A) (2.2) 
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as a Lie algebra tensor product. It may be identified with the Lie algebra of 
polynomial maps C — > g, hence an element X(X) in 0(A) can be viewed as the 
mapping X : C — > g, X(X) = YlT=o-^kX k where X^ = for all but a finite 
number of indices. In this setting the Lie bracket of two elements in 0(A), X(X) = 
Yllk=$XkX k and Y(X) = Yllk=oYkX k can be written explicitly as 



[x(A),y(A)] = ^(^[x,,y n _,] s )A" 

n=0 j=0 



(2.3) 



where [•, -] is the Lie bracket defined on g. 

If on g is defined an ad-invariant bilinear form (•, •) (for instance the Killing 
form) then we can carry it to a bilinear form (•, -)\ on 0(A) by setting on C(A) 
the standard inner product 



(P(A),?(A)) 



oo oo „ oo 

J2pA'.J2 ( I^ = / _ ^PWQWdX = J^PiQi (2-4) 

i=0 j=0 J\\\-l i=0 



(where z denotes the complex conjugate of z and one has to keep in mind that 
all the sum are on a finite set and that on the unit circle both p(X) and p(A _1 ) 
are well defined). More precisely on 0(A) will be defined the bilinear form: 



(X(X),Y(X)) X = .V;A'.^V ; A0a 



(2.5) 



i=0 



3=0 



„ 00 

= / X- 1 (X(X),Y(X- 1 ))dX = J2(^,Y^. 



Unfortunately this bilinear form, while it is not degenerate if the bilinear form on 
is not degenerate, turns out to be in general not ad-invariant even if the form 
chosen on (like in the case of the Killing form) is ad-invariant. Suppose indeed 
= $1(2, C) endowed with the Killing form and set 



X 



'0 ^ 



H 



( 



1 
-1 



/ 



Y = 



1 



then 
but 



(H,[XX,YX}) x = (H,HX 2 ) x = 



([H,XX},YX)x = (2XX,YX) X = 2^0. 

On the other hand there exist on 0(A) non trivial symmetric ad-invariant form, 
which are surely more exotic than that previously considered and moreover degen- 
erated. Nevertheless these latter bilinear forms are still worth to be considered, 
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because from them one can derive symmetric ad-invariant bilinear forms on op- 
portune quotients of g(A) which will turn out to be actually non degenerated. 



Definition 2.1 For any symmetric bilinear form (•, -) on q and for any sequence 
A = {a n } neN of complex numbers a k , let (-, -) A be the bilinear form on g(A) given 
by the formula: 

(;-)a : 0(A) x fl (A) — C 

oo n 

X(\),Y{\)eg{\) — (X(A),r(A))^ = ^a„^(X„_ fe ,F fc ) fl (2.6) 

n=0 k=0 

It easily checked the following: 

Proposition 2.2 If the symmetric bilinear form (-, -) fl defined on g is ad-invariant 
then the same is also true for the bilinear form \2. 6]) defined on 0(A). 

Proof. We have to prove that for any elements X(X) = J2^=o-^-nX n , Y(X) = 

s~ w z w = Er= z ^ k in ^ h ° ids that 

([X(X), Y(X)],Z(X)) A = (X(X), [Y(X), Z(X)]) A . (2.7) 

Now 

oo n 

([X(X),Y(X)],Z(X)) A = J> n ^([X,Y] n _ fe ,Z fc ) fl (2.8) 

n=0 fc=0 
oo n n—k 

= '^ a n' S ^( S ^[Xj,Y n _ k _ j \,Z k ) i 

n=0 fc=0 i=0 

while 

oo n 

(X(X),[Y(X),Z(X)]) A = ^a n ^(X n _ fe ,[F,Z] fe ) fl (2.9) 

n=0 fc=0 

oo n fc 

= Qn / J(^n-fc; / JP'fc) Z k-j])g- 

n=0 fc=0 i=0 

To see that ()2.7|) holds if suffices to observe that both ()2.8|) and ()2.9|) can be 
written as 

oo 

([X(X),Y(X)],Z(X)) A = $> n E z *>- 

"=0 ji+32+j'i=n 
oo 

(X(A),[F(A),Z(A)])^ = $> n £ (X h , [Y j2 , Z j3 ]) B 

and that the equation ()2.7|) immediately follows using the ad-invariance of the 
bilinear form (-, - ) . 
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□ 

As already remarked the bilinear form (|2.fij) is degenerated for every sequence 
A = {a n } n( z N . It is namely easily checked that its radical is given by the subspace 
of particular "polynomials" in g(A) which vanish in A = 1. This is due to the 
fact that our bilinear map can be factorized in a bilinear map from g(A) x g(A) 
to C(A) and an "evaluation" map (in A = 1) from C(A) to C. It is matter of fact 
that these two maps commute in an appropriate but straightforward sense, and 
while the first map is not degenerate the second one has of course always a non 
trivial kernel. For example, in the most interesting case, when a n = 1 for all n, 
the kernel coincides with the linear space of all polynomials X(X) which vanish 
in A = 1. 

For what we have in mind the most important property of the infinite dimensional 
Lie algebra g(A) is that it has an infinite number of nested ideals. Namely for 
each k G N let us consider the subspace Ifc(A) of all elements of g(A) which can 
be written as the product X k+1 Y(X) for some Y(X) in g(A) i.e., 

4(A) = {X(A)G g(X)\ X(X) = X k+1 Y(X) Y(X) e g(X)}. (2.10) 

From (|2.1(Jj) it follows immediately that 4 (A) is for every k an ideal and that 
4(A) C 4(A) if and only if h > k. Using this property we can define our 
polynomials Lie algebras: 

Definition 2.3 The polynomial Lie algebra over g of degree n g^(A) is the quo- 
tient Lie algebra 

g(")(A)=g(A)/4(A). (2.11) 

Since the canonical projection ix n : g(A) — > fl^(A) acts on a generic element Z(X) 
of g(A) as 

oo n 

7T n (Z(X)) = 7T n QT^) =^Zj\' (2.12) 

3=0 3=0 

we can identify g^(A) with the vector space of all polynomials in A with coeffi- 
cients in g of degree less or equal to n endowed with the Lie bracket: 

n k 
k=0 j=0 

This latter formula suggests an alternative and more direct but maybe less natural 
definition of g^(A): 

Definition 2.4 Let g any finite dimensional Lie algebra, then we will denote by 
g( n ) the Lie algebra isomorph as vector space to the direct sum g n = ®™ =0 Qi, g« — g 
of n + 1 copies of g and with Lie bracket given by the relation 



J=0 i=0 



[(X , . . . , X n ), (Y , . . . , Y n )\ — (Zq, . . . , Z n ) 
Z k = Ej= [ x i' Y k-j] k = 0,...,n. 



(2.14) 
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We should point out here that the Lie algebras g( n \ which is obviously equivalent 
to $j( n )(A), was already defined and considered in [T7j (in particular definition 12.41 
coincides with the definition of the polynomial Lie algebras with bracket [•, -]o 
(in their notation) contained in their proposition 4.4). From this definition one 
would natural define on the symmetric bilinear form 

n 

((X , ...,X n ),(Y ,..., Y n )) = ^(Xi, Yi) (2.15) 

i=0 

i.e., the bilinear form canonically defined on the direct sum ©™ =o 0j, which is 
also the projection over of the symmetric bilinear form (|2.4jl defined on g(A) 
and which is usually considered in the literature J7j, 0- But clearly being this 
symmetric bilinear form ad-invariant for the brackets of ©" =o 0i, it fails to be ad- 
invariant for the modified ones (|2.14j) . Therefore one may wonder if on g( n ' there 
exist symmetric non degenerated bilinear ad-invariant forms. Since for n > the 
Lie algebra g^ is not semisimple or reductive, even if the Lie algebra g has this 
property, as a consequence of the Cartan theorem [TT] we cannot use the usual 
Killing form, and we must look for something else. As we shall show in a moment 
the bilinear forms, we are looking for, will be deduced from the symmetric ad- 
invariant bilinear forms defined in 12.11 Unfortunately to "project" these latters 
on the quotient space is a little more cumbersome because the inner prod- 
uct of two representatives of two equivalence classes of the equivalence relation 
induced by I n (X) depends in general from the representatives themselves and not 
only from their classes. Nevertheless it is possible to define on g( n ' bilinear form 
which can be regarded as "natural projection" on g^ of the bilinear forms (|2.6|) 
defined on g(A). Of course these forms on g( n ' can be also defined independently 
without any referring to (|2.6j) . 

Although it should be easy for the reader to guess how these bilinear forms look 
like, let us construct them carefully to show into details their relation with (|2.6j) . 
As already pointed out the bilinear form (J2.6|) 
n A (X(X),Y(X)) = ((X(X),Y(X)) A can be factorized as follows: 

g(A) x g(A) ^^C(A) ^ *C (2.16) 



where £l A : g(A) x g(A) — > C is the map: 



X(X),Y(X) e g(A) — n x A (X(X),Y(X)) = ]T a n £<X fc , Y n _ k ) g X n (2.17) 



n=0 k=0 



while ev : C(A) — ► C is simply the map which evaluate a polynomial at the 
point A = 1: 

p(X) e C^ n) (A) h-> ev(p(X)) = p(i). (2.18) 
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Now since obviously the subspace 

2n(A) = MX) eC\3 q(X) E C : p(A) = X n+1 q(X)} 
is an ideal in the commutative algebra C(A) we can consider the quotient space 

C^(A) : C(A)/Z n (A) (2.19) 
and the corresponding quotient map Il n , which can be explicitly written as 

n n :C(A) — ► C (n) (A) 



n n ( J> A ' 

,3=0 



j=0 



[2.20) 



Then it is easily to show that it holds: 
Proposition 2.5 There exists a unique map 

0(A) x (A) — C<">(A) 

which makes the diagram : 



0(A) x (A) 



C(A) 



f2.21^ 



TTnXTTn 







0( fc )(A)x fl W(A) 



(*)/ 



n^ n) (A) 



•CW(A) 



commutative, where the maps Q^, n n andU n are respectively given in $[2.17\ ), f2.1ty) 
and HTM . 



Proof It is almost evident that the map 



n { 2\X):g (n) (X)x g ^(X) 
X(X),Y(X)E^ n \X) 



C (n) (A) 

^(A)(X(A),r(A)) 

n j 
j=0 i=Q 



(2.22) 



makes the diagram (j2.21J) commutative. To show the unicity it is enough to check 
that if X(X) and Y(X) are two elements in g^ n \X) then for every X(X) and ^(A) 
respectively in Tr n ~ 1 (X(X)) and 7r„ _1 (F(A)) it holds: 



^ n) (A)(X(A), Y(X)) = n"(^(X(A), Y(X))). 



(2.23) 
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But this is a straightforward computation. Indeed any X(X) and Y(X) will have 
the form: 

X(A) = X(X) + Y c i Xj 

j>n+l 

Y(X) = F(A) + Y 

j>n+l 

for some elements Cj, dj G g, therefore 

Q X A (X(X),Y(X)) = Q x A (X(X),Y(X)) + Q x A (X(X),d(X)) 

+n x A (c(x),Y(X)) + n x A (c(X),d(x)), 

with 

n j 

n x A (x(x),Y(x)) = J2 a iJ2( x - Y i-i}° xj 

j=0 i=0 

oo j 

n A (X(X),d(X)) = Yl a^iXttdj-t)^ 

j=n+l i=0 
oo j 

n x A ( c (x),Y(x)) = Y ajY^'^^ 

j=n+l i=0 

oo j 

n x A ( c (x),d(x)) = Y ^Yi^dj-i)^- 

j=2n+l i=0 

Thus 

n j 

IT(^(X(A), Y(X))) = Y <*i Y i-i)* X ° = ^(A)(X(A), Y(X)). (2.24) 

j=0 i=0 

□ 

Definition 2.6 Let its denote 

: g^(A) x fl W(A) — > C (2.25) 

£/ie composition ev^ 1 ' o n%\X) where n { A ] (X) is the map defined in proposition 
\2.5\ and ev^ is the "evaluation" in X = 1 map on nilpotent commutative space 
C (n) (A) given by: 

C (n) (A) — > C 

p(A) i-> ew (n) (p(A)) =p(l). 
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In formula 



n j 

n%\x(\),Y(\)) = (x(A),y(A)>5 J = ^a^^y^),. (2.26) 

j=0 i=0 

Let us here stress once again that one can use definition 12.61 and the formula 
f!2.26|) without referring to the previous proposition or the bilinear form and 
that obviously this bilinear form is also defined on the equivalent Lie algebra $( n K 
The maps are the bilinear forms which we was looking for, 

Proposition 2.7 For any neN and any set of complex numbers A = {aj}j=o,...n> 
the map : g(A) x g(A) — > C is a bilinear, ad-invariant and, if a n ^ 0, not 
degenerate form. 

Proof That ^J } (A) 

is a bilinear form follows immediately by its definition. 
Further to prove its ad-invariance one has only to repeat mutata mutandis exactly 
the proof given to show the same property for the bilinear form Vl\ in proposition 
l2~2l 

It remains to show that it is non-degenerated. This can be done in two dif- 
ferent ways. First let us show it by proving that if X(X) £ is such that 
(X(A),F(A))y = for every Y(X) e g (n) then X(X) = 0. Indeed since X(X) 
has the form X(X) = Y^j=o-^-j^ ^ s i nner product with an element of the form 
Y n (X) = Y n X n will be: 

(X(A), Y n (X)}% ] = a n (X , Y n ) B (2.27) 

and since Y n can be chosen arbitrarily in q, (-, -) B is non degenerated on it and 
a n 7^ 0, (X(X), Y n (X)}^ = implies that X = 0. Then by pairing X(X) with an 
element of the type Y n _i(X) = F n _iA n_1 we get: 

(X(X), F w -!(A))y = a n (X 1 , F n _i) B (2.28) 

and then again (X(X),Y n ^i(X)) ( ^ ) = implies Xi = 0. Repeating n times this 
argument we obtain step by step that each coefficient Xi is zero, proving the 
proposition. 

Actually passing through the matricial representation of fl^L we can Si ye a more 
compact proof of this fact. If we denote by u the matricial representation of the 
bilinear form (•, -) B defined on g then it is immediately to show that has the 
matricial form 
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a 2 uj 



Cb n —\UJ CL n UJ 







a n _iuj a n uj 
a n u 






y a n u ... 
But then a simple argument by induction shows that 



(2.29) 



det(ny) = a n n det{uj) n 



(2.30) 



and therefore that fij^ is non degenerated if and only if u is not degenerated. 

□ 

The just proved proposition shows that the polynomial Lie algebra g^ when g 
is semisimple, are non trivial (non abelian or semisimple) examples of quadratic 
Lie algebras i.e., finite dimensional Lie algebras which possess a symmetric ad- 
invariant, non degenerated bilinear form JH] and JH]- This fact may justify the 
restriction in this section of our construction to the finite dimensional case. 

Let us rest here for a while to reconsider Definition 12 .41 This definition may be 
reformulated by saying that the Lie algebra g^ can be viewed as the direct sum 
0™ = (K=o flfc °f n +l copies of g endowed with a maybe cumbersome Lie brackets. 
It is therefore natural to wonder if this latter bracket can be recovered from that 
canonically defined on the direct sum g n through a Lie algebra deformation or 
a Lie algebra (Wigner) contraction. This latter is actually the case though the 
contraction which must be considered turns out to be a little more complicate 
then those usually considered in the literature |2j. Therefore before giving the 
general construction let us describe the two simpler case in order to explain which 
kind of problems arise. 

Actually for the first non trivial case (namely n — 1) one can still implement 
the usual Lie algebra construction up to a linear transformation. Since g 1 is 
the direct sum of two copies of g we can consider on it a basis x\ k ^ k — 0, 1 
i = 1, . . . , r = dim(g) such that e g k i = 1, . . . , r for k = 0, 1 respectively 
and with respect to which the Lie bracket canonically defined on g 1 are given by: 



x (i) x (i) 
x (o U (D 



T r r k X 



I = 



0,1 



i,j = l,...r 



(2.31) 



1....T 
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i.e., with the same structure constant for each copy of g. Then by performing the 
parameter depending change of basis 



Y; 



(0) 



xP + X^ 



= {XjV i = l,...,r 

the equations (|2.31|) can be written (in the new basis) as 

V r r k Y {0) i 7 — 1 

v r c k ? 7 — 1 



1 i i 1 j 



C V r r k Y [ 



Now by computing the limit Q — » in these latter equations one obtains exactly 
the Lie bracket previously defined on gW. Unfortunately this procedure can 
not be directly and straightforward extended to the general case. Let us indeed 
examine the next case (i.e., n = 2). Here we consider again a basis X, 



r k = 0, 1, 2 X[ k ) e Q k i = 1 



r fc = 0, 1,2 with respect to which the 



canonical Lie bracket can be written in the form 

V r k X 

Z^k=0 c ij^k 




x (l) x (l) 



''■ v '" / (1.1.2 /../ !..../• 



x (0) ;X (i) 



(2.32) 



1, . . . r 



(again therefore with the same structure constants for each copy of q). The case 
n = 2 seems to suggest to perform first the (parameter depending) change of 
basis given by the equation 



v(o) 

i 



v(o) + v(D 



Y 



(i) 



cx (0) + ex 



2 V W 



rY; 



(2) 



C 2 X (0 



With respect to this new basis the equations ()2.32|) becomes 



v(°) v (0) 

1 i ' 1 3 

'v(i) v (0" 

- 1 i ) - 1 j 

y(0 y-(2)" 

yK 2 ) V( 2 )' 
- 1 i ' 1 j 



A 2 V^r _fe V (2) 
S Z^fc=0 c ij J k 



i,3 


= 1,- 


. r 


hj 


= 1,- 


. r 


hj 


= 1,- 


. r 


i,3 


= 1,- 


. r. 



here in the formula for 



v(i) v (0 

J i ' 1 3 



appear "unwanted terms" which luckily enough 



in this specific case disappear when we perform the limit £ — > giving namely the 
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Lie bracket for q( 2 \ But nevertheless it is clear that to control the behaviour of 
such "unwanted terms" when the parameter ( goes to zero will be the main issue 
of the general case. Indeed without a carefully choice of the dependence from the 
parameter ( of the transformation of basis in g n one should fear that these terms 
may not go to zero or even explode to infinity. Fortunately there exist opportune 
choices of the (^-depending basis transformation such that holds the 

Proposition 2.8 Let Q n = ®" =o 0j Qi — Q the direct sum ofn + 1 copies of the 
Lie algebra g and let be {xf ^} I = 0, . . . , n, i = 1, . . . , r = dim(g) a basis for g n 
such that X^ 1 ' E Qi for all i = 1, . . . , r and such that with respect to this basis the 
canonical bracket for Q n can be written as 



x (i) x (i) 



V r r k X il) 




l = 0,...,n i,j = l,...,r 
l,m — 0, . . . ,n,l m i,j = l, 



. r. 



Thus if we write the equations \2. 33\) with respect to the new basis 



n-l 



>f(C) = £C ,2 '*M Z = 0,...,n i = l,...,r 



(2.33) 



(2.34) 



s=0 



and then perform the limit ( — > we obtain the Lie bracket for the Lie algebra 



y(0 y( m ) 
i ' j 

y(0 y( m ) 



V r r k y ( /+m ) 

Z^fc=l c ij 1 k 



I + m < n i,j — l,...,r 
I + m > n i,j — l,...,r 



(2.35) 



(*) 



Proof Let us first compute Lie bracket of two elements of the new basis say Y % 
and Yq (where we omit here and in what follow the explicit dependence from 
in terms of the old one: 



dimg Min(n-fc,n— j) 

Kf b) ,n w i = E E ^ k) *ci q x? 

t=l 1=0 



(2.36) 



If k + j > n we leave the expression (|2.36|) invariate, otherwise, if k + j < n, we 
write it as: 



dimg n—k—j 

K {k \y q U) } = J2 E c 

t=l 1=0 



dimg Min(n— k,n— j) 
t=l l=n-k-j+l 



(2.37) 



which, using the definition of the elements Yp k \ can be written as 



dimg 



dimg Mm(n—k,n— j) 



K (k \ n w i = E + E E c^ )2i crf. 



(2.38) 



t=i 



t=l l=n—k-j+l 
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What we have to show is that if we perform the limit for ( — > then the whole 
right hand of equation (|2.36|) and the second term in the right hand of (|2.38j) 
vanishes. Now the ()2.36|) can be written as: 

dimg 
t=l 

and, since k + j > n with k,j < n, implies Min(j, k) > 1 performing the limit for 
( — > we get 

[yw, yW] = 0. (2.40) 

In the case of equation ()2.38|) . i.e. fe+j < n, in order to avoid to invert completely 
equations ()2.34|) let us prove the following 



Lemma 2.9 The elements 2 fe(ra k ^Xp^ expressed in the basis Y,-^ have the fi 



orm: 



C 2Hn-k) x (k) = J- q^C^Y^ (2.41) 

j=0 

where deg(gg) = 1 and deg(gj : ) = 2 k — 2 j 

Proof We proceed by induction. The result for k = is immediately true for 
k = 1 we have (2(n-i) x (i) = y(n-i) _ £-iyto. 

So let us suppose (j2.41|) true for k and let us check it for k + 1. 
We have 

A: 

y(n-fc-l) _ '^^^2 l (n-k-l)j£(l) _|_ ^2 fc+1 (n-fc-l)^(fc+l) 
Z=0 

which can be written as 

( A2 fc+1 (n-fe-l) x (n+l) _ y(n-fc-l) _ V - ^ f2 l (l-k-l) f2 l (n-l) 

J 1p ^) y j J J P 5 

then by induction 

k I 

( ^2 k + 1 (n-k-l) x (n+l) _ yrjn-k-l) _ ^ ^ ^"^J- (C^Y^'^ . 

1=0 j=0 

If we commute the two sum in this last expression 

k / k \ 
^+\n-k-l) x (n+l) = yin-k-l) _ ^ I ^C 2i( ^ fc_1) ^(C _1 ) ) Yp n ~ j) - 

j=0 \l=j J 
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From which we have 



k 



9f fl (r 1 ) = -Ec a,p "*" 1 V i (r 1 ) 




□ 



Now using this lemma we can estimate ( we have indeed that 




2 l (j+k-n+l) ST^ k,f-lsy(n-j) 




Therefore since deg(gj) < 2 l — 1 and (J + k — n + I) > 1: 



j^a'Cj+fc-n+Qgfc^-i) = o V ; n _ jfe-j+i <Z <Min(n- k,n-j). 

□ 



It is natural to wonder if our generalised Wigner's contraction allows us to obtain 
also the wanted ad-invariant symmetric non degenerate bilinear forms on 
(12.26)) as well. This result can be actually achieved but unfortunately one has 
first to modify the canonical bilinear form defined on the direct sum g n = ©£ =o 
by multiplying its entries by factors depending in a quite complicate way from 
the parameter (. More precisely it holds the 

Proposition 2.10 Let us consider on the Lie algebra given by the direct sum 
Q n = ©fc=o0 ^e canonical bilinear form induced from that defined on q i. e. in 
formula if X = (X , . . . , X n ) and Y = (Y , . . . , Y n ) are two elements of Q n then 



k=0 

where (*, -) fl denotes the symmetric bilinear form defined on q. Then there exist 
(-depending factors dk(() such that the modified inner product on Q n given by 



n 





n 





k=0 



has the following property 
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Proof. Let us first consider the relations (J2.44j) when j = and k which running 
between and n. This relations form a system of n + 1 independent linear 
equations 

{Y<?\t),YW(Q) = a k u pq k = 0,...n, p, q = 1, . . . dim( ) (2.45) 

where {Wpg}p,?=i,.,dim B is the matricial form of the pairing (-, -) B . 
We actually should simply verify the weaker assumption 

(F W(C), F g (fe) (0) ~ a*w M = 0, . . . n, p, g = 1, . . . , dim(g) 

but since this does not affect our proof, let us consider the equation ()2.45|) instead. 
From this equation one can explicitly compute the coefficients d&(C), k — 0, . . . , n, 
altought their expression in terms of £ turns out to be complicate. Lakely enough 
we need only to know that the (4(C) satisfy (J2.45j) and use it to to prove the 
following technical 

Lemma 2.11 The coefficients rffc(C) have the following asymptotic expansion 

&- k)2k d k (0 ~ (-l) k a n C 2k+1 . (2.46) 
Proof. Let us proceed by induction from formula (J2.45|) we have immediately 

Cd (() = a n 

and similarly 

C (n " 1)2 rfi(C) ~ -a n C 2+1 - 

Let us suppose f!2.46|) true for k and let us prove it for k + 1. Using ()2.45|) we 
have 

C (n - fc - 1)2fc+1 4 + i(C) = a M - ^C (n - fc - 1)2 ^(C) 

therefore using the induction hypothesis we obtain 

c (n - fc - l)2fc+1 4+i(o = a M - Ef =0 c^-^e^diio 

- a n - k -i - Elo(- 1 ) i C (i - fe - 1)2< - 2<+1 a n 
~ -Eto(-lKC 2l(i - fc - 2)+1 ~ (-l) fc+1 a„C- 2fc+1+1 
which is formula (j2.46j) for k + 1 proving the claim. 

□ 
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We can complete our proposition. For j + k > n we have indeed 

Min{n— k,n— j} 

<n w (c),n w (o>(o = E *(oc y+ **<*M°>.- (2.47) 

Using lemma 12.111 we can estimate this equation as 

^-vMin{n-k,n-j} ^-(j+k-n+l)2 l ^(n-l)2 l 

and since j + k — n + I > (being / > 0) we have that 

lim c ^o (Y^ k) , Y q ij) ) = for j + k > n 
as wanted. If viceversa j + k < n, we have that as 

(Y P {k \ n w > = ES {n_k ' n_J} c (j+fe)2 ^(CH 9 

using (|2.45j) we obtain immediately that 

n—k—j 

E C a+fc)2 ^(C) = a, +i , 
while for the second summand we have, using lemma 12.1 II 

Min{n-k,n-j} Min{n-k,n-j} 

E c (i+fe)2 ^(0 ~ E a n c u+k - n+l - i)2l+i . 

l=n—k—j+l l=n—k—j+l 

But this implies, because I > n — k — j and therefore j + k — n + l — 1 > that the 
parameter £ in the addends of the above written equation appears with powers 
bigger then one, and therefore that 

(Min{n-k,n-j} \ 
E c u+k)2l di(o = o 
l=n-k-j+l I 

and then finally that 

\im c _ (Y^ k \Y q u) ) = uj pq for j + k<n j, k > 1 p, q = 1, . . . , dim(g) 
which concludes the proof of our proposition. 
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□ 

Unfortunately both the constructions of so far considered are not particularly 
well suited for the purposes we have in mind, asking for a more handable one. 
Therefore the last part of this section is devoted to tackle this problem and to 
present a matricial realization of gS n \ 

The main result in order to achieve our task is the following 

Theorem 2.12 For every n and g there is an isomorphism $ between the poly- 
nomial Lie algebra g( n ' and the tensor product g ® C^^A): where C^ n ^(A) is the 
commutative quotient algebra C(A)/X^(A) defined in \2.1iA 

Proof Let $ be the linear map: 

$ : (n) >0®C (n) (A) 

defined by 

n 
i=0 

This map is obviously a Lie algebra homomorphism, we have indeed: 

m(x ,...,x n ),(Y Q ,...,Y n )}) = mz ,...,z n ))=j2 z i® xi 



i=0 j=0 



i=0 

n 



j2 x k®^ k ,J2 Y i® xj 

k=0 j=0 

m(x ,...,x n )),mY ,...,Y n ))}. 



Since dim(g^ n ^) = (n + l)dim(g) we have only to check that Ker($) = but this 
follows immediately from the definition of $. 

□ 

On behalf of the previous theorem, it remains only to look for a true matricial 
representation Lie algebra C^(A). Let us therefore prove the 

Proposition 2.13 The map p given by 

p : CW(A) — ► End(C( n+1 )) 
p(cj <g> A') i-> c l X i 
where A is the (n + 1) x (n + 1) matrix given by 



(2A8) 



A = E e i+i,i (2-49) 



i=0 
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and 



1 if i = j, k = r 
otherwise 



is a ring homomorphism. 
Proof We have indeed that 



p(A>(A J ) = A l+j 



p(A l+j ) i + j<k 







otherwise. 



□ 



Now using together Theorem 12.121 and and proposition 12.131 we get a matricial 
representation of gW. 

Theorem 2.14 If II : g — ► Aut(C m ) for some m is a true representation of g 
then the map 

II : g (n) i-> Aut(C m(n+1) ) 

given by 



IL(Xq, ... ,x v 



i=0 



U(X ) 

n(Xi) n(x ) o 



o 
o 



o 
o 











(2.50) 
\ 



n(x n _i) 
y u(x n ) n(x, 

is a true representation of g( n > . 



n-l. 



n(Xo) o 
n(Xi) u(x ) J 



Proof Since we have constructed a representation of C(A n ) we have a represen- 
tation of g Cg) C(A n ) given by: 

IT ® p : g ® C(A n ) — > End(C m ) <g> End(C rt+1 ) S End(C m(n+1) ) 

To bring it on g^ directly we have only to use the isomorphism $ : g^ = 
0®C(A fe ): 

n = n o p o $ : g( fc ) ► Aut(C m(n+1) ) 
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□ 

Previously in this section we have shown that if q possesses an ad-invariant 
bilinear non degenerate form this gives rise a ad-invariant bilinear non degenerate 
form on Q^ n \ It is therefore natural to wonder if this latter form has a natural 
expression in our matricial representation. This is actually the case. We have 
indeed for instance when = 1 for all k: 



((x , . . . , x n ), (y , . . . , r n )) (n) = tr(n((x , . . . , x n )n((Y , 

where C^ n > is the m(n + 1) x m(n + 1) matrix: 



,Y n )C( n )) (2.51) 



/ 



n+l Rm 






hlr. 



-±-1 



hi, 



3 ^JTt 



in 

il 

3 



n+l ' 



il 

il 

3 Rm 



il 



-I, 



p 



o. 



n 



k and A; 



(«) 



n+l-k m ' 

where I m denotes the m x m identity matrix. 



0, . . . , n and C pq 



if g < p, 



3 The affine Lie algebras 

In the previous section we have constructed a class of non semisimple Lie algebras 
which posses an ad-invariant non degenerate symmetric bilinear form. This pe- 
culiar property suggests to investigate their affinization. To this task is devoted 
this third section. For the construction of the affine Lie algebras we will follows 
that presented by Kac in his famous book ^2], with the only difference that we 
will end up with multidimensional central extensions, namely the affinization of 
the Lie algebra will have n + l central charges. 

Let us consider a polynomial Lie algebra where q is semisimple and let 
us first define the corresponding loop algebra 

£( g H)= W® c C(t,r 1 ) (3.1) 

where C(t, t" 1 ) denotes as usual the algebra of Laurent polynomials in a complex 
variable t. On it is defined an infinite complex Lie algebra bracket [•, -]o by 

[X <g> p, Y <g> q] = [X, Y] ® pq (p, q G C(t, t' 1 ); X, X G W ). 
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Now our non degenerated ad-invariant symmetric bilinear form (■■,-) 2 (j2.1J) can 
be extended to a C(t, t _1 )-valued bilinear form (-, -)^* on C(g^) by 

(X®p,Y ®g)J } (t) = (X,Y)Wpq. (3.2) 

Moreover this latter expression can be used to define a symmetric non degenerated 
ad-invariant bilinear form on C(g^) as 

(X <g> p, Y ® g)^* = Res((X, Y^pq) (3.3) 
where the Res is the linear functional of C(t, t~ l ) defined by the properties 

Res^ 1 ) = 1; Res(^ = 0). 

The key point in the possessing of a non degenerated ad-invariant symmetric 
bilinear form is that it allows us to define a C-valued 2-cocycle on the Lie algebra 
^ : £(fl (n) ) -> C (see HU) as 



*(A-(/).r(/)) =^((^,Y(t))M)(t). (3.1) 



This 2-cocycle in turns allows us to extend our Lie algebra £(g^ n ^) by a n + 1- 
dimensional center. Explicitly 



A0 (rt) )=£(0 (n) )©^©CQ (3.5) 

with Lie bracket defined as 

[(Xo,...,X n )®p,(Y ,...,Y n )®q\ = [(X ,...,X n )® P ,(Y ,...,Y n )<g>q} 

(3.6) 

+ Er=o(E;= ®*>, y 3 ® 9 ) Cj . 

Again, as usual, we also extend every derivation D of the Lie algebra C(t, t _1 ) to 
a derivation of the whole Lie algebra C(g^) by setting 

D(X®p) =X® D{p). (3.7) 

In particular we denote by £(g^) the Lie algebra obtained by adding to C(g^) 
a derivation d which acts on as i4 and which annihilates the central charges 
Cj i = 0, . . . , n. Thus we can extend the bilinear form ()3.2|) to a symmetric ad- 
invariant bilinear form on the whole algebra C(g^) by setting (cj,d)^* = 1, 
(cijCj)^ = (d,d)Jl = for i,j = 0,...n. Then explicitly C(g^) is the vector 
space 



£(0 (n) ) = £(g (n) )©5Z©CQ©Cd ( 3 - 8 ) 



i=0 
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with bracket defined as follows 

[(X , . . . , X n ) ® tP © (ELo ^ ® /«0, (Fo, • • • , ^n) ® © (E?=o © = 

[{X , . . . , (r , . . . , Y n )] ® + ( Mg (y , . . . , F„) ® f - ^p(X , ...,X n )» tP) (3.9) 

+P$p ,-q E"=o Ej=o ajPQ-i,^-)^- 

The algebra £(g( n )) defined above is the "afline Lie algebra" which was looking for. 
It should be here pointed out that this algebra could be also obtained as quotient 
from the Lie algebra £(g) ® C(A), where £(g) is the usual affine non twisted Lie 
algebra associated with the semisimple Lie algebra g, using the same procedure 
which gives the Lie algebra g^ starting from the Lie algebra g®C(A). Moreover 
is still true that there exists a isomorphism between the Lie algebras C(g^) and 
£(g) ®<C( n )(A) where C^(A) is the commutative nilpotent Lie algebra defined in 
([2. 19)1 . which is the obvious extension of the corresponding isomorphism for the 
finite dimensional Lie algebra g^ defined in 12.31 This isomorphism explains very 
clearly the phenomenon of the multidimensional central extension, this subspace 
coincides indeed with the iV-dimensional tensor product c <g> C^(A) where c is 
the unique central charge of C(g). 

Since the aim of the next section is the construction of the vertex operators 
of these algebra, which roughly speaking represent certain generating series of 
elements of £(g^- ) ) rather then individual ones, it is opportune to cast formulas 
(J3.9j) in a more compact form using the formal calculus (see for example jS] or 
[T3] for more details). 

The first step in this direction is to consider the Cartan decomposition of our 
semisimple complex Lie algebra g 

where f) is an once for ever fixed Cartan subalgebra of g, and A = (g, h) is the 
corresponding the root system. Let us denote further by £ = {a\, . . . a r } a subset 
of simple roots in A with r = dim(fj) = rank(g) (again once for ever fixed) and let 
{H ai , . . . , H ar } be the corresponding set of coroots in h. Then it is well known 
[TT] that dim(g) a = 1 Va G A and that there exist non trivial element X a in g a 
such that 

{H ai , . . . , H ar } U {X a } ae /s. (3-H) 
is a basis for g, usually called in the literature Cartan basis [TT] and [T2|, with 

H <H = [X ai ,X- at ] i = l,...,r. 

This basis in turn allows us to define a basis for the whole Lie algebra and 
its affinization C(g^). They will be namely respectively for 

{H k ai ,..., H k ar } U {X k a } aeA k = 0,...n (3.12) 



21 



and for £(fl (n) ) 

{H* ®t m \...,H* ®t m r}U{X*®t m «} aeA k = 0,...n 



rrii G Z 



(3.13) 



Co, . . . c n 
d 



The corresponding Lie bracket are for 

a(H^)X* + i iij + k<n 



otherwise 

N(a, P)X k a X j p if j + k < n and a + 13 e A 
otherwise 



(3.14) 



with opportune integer numbers iV(a, /?). While for the Lie affine algebra C(g^) 
they are 



fl* ®t m ',xi®t m « 
[d, X ® t m ] 



/ ijfc o-i \(™)a 

a(fl* )X k+j ® t m »+ m - if j + fc < n 
otherwise 

if j + fc < n and a + (3 £ A 
otherwise 
ml fc <g> t m \/X £ 
VIe£(0W),i = O,...,n. 



Now we are in the position to introduce our generating series (|12j.|5]): 



(3.15) 



(3.16) 



'dz 
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where z is a formal variable. This formal operators allow us to cast ()3.15|) in the 

Lemma 3.1 The Lie brackets \S.14\) for the affine algebra C(q^) are equivalent 
to: 



iH k ai ,Hi s ff(D^)( Zl /z 2 )c k+j 
a(H k i )X^(z 2 )5(z 1 /z 2 ) k + j<n 
otherwise 

N{a,P)X™{z 2 )8(z 1 /z 2 ) = 
-(X k ,X 3 p ff(D zl 5)^i/^)c k+j k + j<n 
otherwise 

-D z X(z) VX G (n) 
WX(z) e C(Q {n) ), i = 0,..., ra 

Proof The statement follows immediately by comparing the terms with same 
degree in the equations. 

□ 

Until now we did not impose any restriction on the subset of complex numbers 
{cio, . . . , a n }, which appear in the definition of the bilinear form ([2.26)1 . but in 
view of their realization as vertex operator algebra on "generalised" Fock spaces 
we need to suppose that every a k is different from zero which without loss of 
generality boils down to set a k = 1 for every k. 



[H k ai ( Zl ),Xi(z 2 



[X k a ( Zl ),X^z 2 )} 

[d,X(z)} 
[ci,X(z)\ 



4 Vertex algebras representations 

Now we can describe the construction of the vertex operators representation of 
our Lie algebras C^q^) in the case when q is a simple complex Lie algebra. For 
what observed in the previous sections we can view this generalised affine Lie 
algebra simply as the tensor product: 

C(g^) ~£(g)®C (n) (A). (4.1) 

This equivalence suggests of course a way to obtain a generalised vertex operators 
representation of C(q^), namely if T : £(g) — > End(V) is a vertex operator 
representation for iZ(g) and p : C^ n \\) — > End(C n+1 ) is the representation ()2.50|) 
of C^(A) then our "vertex operators representations" will be the tensor product 
of the two: 

II : C(g {n) ) — ► End(V ® C n+1 ) 

(4.2) 

n(X®p(A)) ^ T{X) ® p(p(X)) 
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Since this is the main object of the present work let us show in what follows 
how this construction generalises what has been already done for the affine Lie 
algebras [T2j, [H] and jH]. In particular we are going to extend to our case what 
in the cited literature are called homogeneous basic representations, because in 
our opinion in this setting the construction of the generalised vertex operators 
turns out to be more transparent. 

More precisely let Q be the root lattice associated with the simple Lie algebra 
g, which we suppose to be of rank I and let C(Q) be its group algebra, i.e., the 
algebra with basis e*aGQ and multiplication: 

We shall denote by f) = Q ® z C the complexification of Q and by 

S = ^®c(t,r 1 )©c 

the affinization of f), and finally by S the symmetric algebra over the space f) <0 = 
E/<o f) ® & (following the literature we shall write HP in place of H ® P). Then 
we can define a representation 7r of f) on Vq = S <E> C(Q) by setting n = tti <8> vr 2 
where 7Ti acts on S 1 as 

7Ti(c ) = / 

{tfAf 1 " 8 if n < (4.3) 
n<5 n , s (#|,4> B ifn>0 

while 7r 2 act on (Q) simply by 

n 2 (K) = 0, n 2 (Ht n )e a = 5 nfi (a\H) g e a . (4.4) 

Let now set H a = a ® l,a(n) = 7r(H a t n ), H n = ir(Ht n ), and e a the operator on 
Vq of multiplication by 1 (g> e" and consider the following End (Vq) -valued fields: 



-n-l 



r«W = ELo(ex P (E n >i ^) (exp (E n >a ^) ^ 
Using these notations we can prove the 

Theorem 4.1 Let Vq = ©™ =0 Vq be the direct sum of n + 1 copies of Vq then 
the following EndiV^) -valued fields: 

c k = cA k k — 0, . . . , n c e C 

rSW =ELo(exp(E m > 1 ^^)(exp(E m > 1 ^^)e Q ^)A fc 
= r Q (^)A fc fc = 0,...,n 
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define a vertex operator representation of the Lie algebra C(g) (g> O n ^(A), where 
the matrix A is given by equation ^FJW . 

Proof As usual we need only to check that our generating series satisfies the 
right OPE. But this can be easily done, keeping in mind the OPE of the fields 
ijPI) (see [12] and [IH]). We have indeed: 



H k {z)H^w) 



H k (z)VUw) 



H a (z)H p (w)A k At 



if k + j < n 

(z—w) z J — 



otherwise 
H(z)T a (z)A k Ai -- 



£4r a(z) A k+ i if k+j< 



a(z) 

otherwise 



J S n 



(4.7) 



In similar way 



where with e : Q 



r a (z)i>(w)A fc AJ = ifa + /3^A 

r Q (^)r /3 («;)A fc A^ = 

~ e(a, f3)^-A k+ i if k+j <n 
otherwise 
T a (z)T„ a (z)A k Ai = 
~ e(at, —a 



if a + /3 G A 



^±i_ + ±lA*+i if k + j < n 

7— -in J — 



(z—w) 2 

otherwise 

{±} is as usual 2-cocycle f[T5]) such that 
e(a,P)e(J3,a) = (_i)H/3)+H")W). 



(4- 



□ 



4.1 Generalised boson— fermion correspondence 

In the next section we shall apply the theory of Kac Wakimoto ^H] on order 
to obtain a class of coupled soliton equations. Altought this theory may be 
implemented using directly the vertex operators given in Theorem 14.11 even in 
this case there exists a generalised fermionic construction which is in our opinion 
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worth to be presented at least in the case in which the simple Lie algebra g is of 
type A. 

Let us first indeed define the following (generalised polynomials) Clifford al- 
gebra CL (n) . 



Definition 4.2 Let V n+ denoted the infinite dimensional complex vector space 

,{k) ,*(-' 



generated by the elements {^\ k \^*^}jez, n =o,...,n : 



fc=0 \ igZ iGZ 

and let consider on it the symmetric bilinear form (•, - )yn+i defined by the relations 

(# ) ,^V«+ 1 = (^f\^ j) )v^ =0 k,j = 0,...,n k,jeZ 

Sim k + j<n (4.9) 
k + j > n. 

Then we call polynomial Clifford algebra of length n CL^ the algebra given by 

CL (n) =T(V n+1 )/J n+1 (4.10) 

where T(V n+1 ) denotes the tensor algebra over V n+1 and J n+1 is the ideal gen- 
erated by the elements x®y+y®x— (x, y)v n + 1 x,y E V . 

Thus it is easily checked that our definition implies that CL^ is the algebra gen- 
erated as complex (infinite) vector space by the elements {ipj k \ ipj^^j&^o,...^ 
which satisfy the following relations: 

^f)^) + ^(J)^(k) = ^f)^) + ^*(^*( fe ) = o 

5 u A J+k if J + k < n (4.11) 
otherwise. 



/ (*0 / *U) i / *U) i (k) 



The algebra CL^ possesses a representation on the direct sum of n + 1 copies of 
infinite wedge algebras: 

F (n) = ®t F l (4-12) 

where the spaces F % with i = 0, . . . , n are copies of the infinite wedge space F 
generated by the semi-infinite monomials 

ii A i 2 A . . . A i j A . . . 
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where the ij are integers such that 

H > H > 23 and ij = Zj_i — 1 for n big enough 
(see [12] for more details). Every space F l has a charge decomposition 

mGZ 

by letting 

|ra) 1 = (m A m - 1 A m — 2 A . . .)* 

denote the vacuum vector of charge m in F l and the linear space spanned by 

all semi-infinite monomials in F l , which differ from \m) 1 only at finite number 

of places, in the same way we can decompose F^ as F^ = ® mgz Fm where 

Fm = ©™ =0 -F^. On F^ we define respectively the following action of ipf^ and 
,*(fc) 

^((iiA i_ 2 A . . .)°, • • (ii Ai 2 A . . .y, • • • (ii A i 2 A . . .) n ) 

= Er=o fe A ia . . 0°, ■ ■ ■ , (ii A z 2 A . . • • • (ii A z 2 A . . .) n ) 

= (0 1 __0, (^(ii A z 2 A . . • • • , (^(ix A i 2 A . . .)^'+ fc , • • • 

A i 2 A . . .) n - fe ) n 

^* (fe) ((iiA i 2 A . . .)°, • • • , (h Ai 2 A . . .)', ...(/, A/ 2 A.. .)") 

= Er=o fc e I +*, I ((* 1 A i 2 . . .)°, ■ ■ ■ , (h A h A . . .)A • • • (ii A i 2 A . . .) n ) 
= (0, . . . , 0, A i 2 A . . • • • (V>*(ii A i 2 A . . • • • 

• • • ? i^idi Az 2 A . . .) n ~ fe ) n ) 

(4-13) 

where the action of the operators ^ and ■?/>* is given by the usual formula |12j : 



^■((iiAi 2 A...) m ) 



M((i 1 Ai 2 A...y 



if j — i s for some s 

{-l) s {H A ... A i™ A z is+1 A . . .) m if i s > j > z s+ i 
if j 7^ i s for all s 

(-l) s+1 (ii A ... A A i is+1 A...) m if J = V 



(4.14) 
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A simple computation shows indeed that the operators defined above satisfies 
equations (|4.11j) giving arise to a representation of CL^ n \ It is clear that this 
representation is indecomposable and that the vector 

|0) = ((OA-1 A -2 A...)°,0,...,0) 



is a cyclic vector for it (i.e., = CL( ra )(|0))) which satisfies the relations 



|0) = for j < 0, ^J W |0) = for j > k = 0, . . . , n. 

Moreover it can be also checked that their action preserves the bilinear (non 
degenerated but not positive definite) form on given by 

((fa A fa A . . . , )°, . . . , (fa Afa A . . . , )"|(fa A fa A . . 0°, • • • , (fa A fa A . . .) n ) F( „) 
= EIU ELo(h A fa A . . O'lUi A z 2 A . . 

(4.15) 

where (-|-) denote the Hermitian form on F for which the canonical basis for F 
is orthonormal. We have indeed: 

(C0i^(ii A fa A . . .)°, • • • , (fa A fa A . . -) n )|(ii Afa.. • • • > (fa A fa A . . .) n , )) J p(n) 



i *(fc) 



((0, • • • , 0, (ipi(ii a i 2 a 



(ii a fa a 



\n— fc\n I 



(fa A fa A . . .) u , • • • , (fa A fa A 



)} 



p(n) 



Er=o" ELoMGi a fa a . . o'Kh a fa a . . .)'-"> 

= ££? ELo((fa A fa A . . O'l^Ch A fa A . . .)<-)) 

= ((fa A fa A . . 0°, • • • , (fa A fa A . . .)1^ W ((fa A fa A . . .)°, • • • , (fa A fa A . . .)"))*.(-) 

The more significative consequence of the equations 1)4.11)1 are the following com- 
mutation relations: 



, (l) i *(m—l) i *(p) 



Skjipi" 1 ^ if m + p < n 
otherwise 

— Skiipj if m + p < n 
otherwise, 



(4.16) 
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which can be checked as follows 



- V; (m_0 



_ ,/.(0t \p n_s _l ,/ ) (p),/ 1 (0,/.("i-0* „/.(p)./,(0./,("i-0* 
- % ^fc Z^ s =o e «+j+M + V< V'j - ^fc % 



Ojktyi 2-^r=0 &r+l,r 2ss=0 &s+j+k,s 

$kjip < f l+P ^ ii m + p <n 
otherwise 

while the similar proof for the second one is left to the reader. 

The importance of equations (|4.16j) is due to the fact that can be used to define 
a representation of a "polynomial" generalisation gl^ of the infinite dimensional 
Lie algebra gL^ 

Definition 4.3 Let gl^ be the infinite dimensional Lie algebra given by the ten- 
sor product 

[^=0[ oo ®CW(A) (4.17) 
where C^(A) is the nilpotent polynomial ring \2.19t) . 

The reader will immediately recognise that this definition is nothing else that the 
generalisation to the infinite dimensional case of the construction of polynomial 
Lie algebras given in the second section. Therefore a moment's reflection shows 
that, recalling the definition of the algebra gl^, we can reformulate the above 
definition saying that gl^ is the Lie algebra given by the linear span of the basis 
{-E , ^}j,iez,fc=o,...,n with Lie brackets given by the formulas: 

, SaiE^:* - 5 im E* +s if k + s < n 
{E^E? m ] = { 31 m h ~ (4.18) 

otherwise. 

Similarly, starting from equations (|4.11j) . one can view the polynomial Clifford 
algebra CL^ as the tensor product CL <g> C^(A). 

Being defined our infinite dimensional polynomial Lie algebra gl^ we can 
construct its fermionic representation on F^ n \ 

Theorem 4.4 The map \I> : gl^ — ► End(F^) given by: 

k 

*(^5) = rTiEV'?~V i,j'6Z k = 0,...,n (4.19) 

1=0 

defines a representation ^ of gl^ on F^ n \ 



29 



Proof Using formulas (|4.16|) we have for k + s < n: 



helmed] = nu^r^r^u^ 



-3) 



( fc -p)„/,*(p) 

_j i_ v^fc 

fc+1 s+l Z^p=0 2^iq=0 
fc+1 3+1 ^P=0 Z^q=0 

8 

- SmMEjr+ s ) = H[E^Et m ]) 



dk-p) 



;(k+s-q) , *(q) 



since it is easily checked that ^-j- ^„ =0 



,( s -9)„/,*( fe +<?) 



(fcH 



s+1 5^g=0 ^ 

gives 



s+l 



and 



While if + s > n a similar computation 



Zm 



as wanted. 



□ 



Note that, while the action of Cl/ n ) interchanges the charges, every subspaces 
Fffl is left invariant by the representation Further these latter spaces are 
indecomposable so that \I/ is the direct sum of its restrictions on FnP ■ 

We are actually also interested in the corresponding group representation, 
despite the fact that gl^ = 116(0100 K gl^) the exponential map of this algebra 
lies in a bigger group, which contains {GL^ x gt^) as a proper subgroup 

Proposition 4.5 Lei Nia be the following subset of gl^ : 

X^ = {/ + X| X e ® AC (n " 1) (A)} 



then 

1. Xv zs a group 



T/ie group group which contains the image 

(n) 
oo • 



o/ toe exponential map on gl 
Proof 

1 . It is enough to show that for every element Z = I + X 6 X( n ) there exists 
(actually unique) element F e = gloo £g> AC( n-1 )(A) such that 
Z = exp(y). But since this algebra is also a associative ring we can compute 
for every X in it the expression Y = ln(l + X) = ^^^ =1 ( — where 
the sum turn out to be finite because X m = if m > N. Then a direct 
computation shows that I + X — exp(Y). 
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2. The second statement follows immediately once one recognises that GL^ is 
the exponential group of the Lie algebra qI^ ([121) an d that gl^ = gt^ xn^. 

□ 

The representation \1/ can be exponentiated to the Lie group G^ ■ Namely if g 
is an element of G^ of the form g = expX where X belongs to gloo <8> 1 ~ gloo 
then we have the natural extension of the usual case 



*(<?) ((h A i 2 A . . .)°, • • • , (ii A z 2 A . . .y } . . . ( h A i 2 A . . .)") 

= ((<7(ii A z 2 A . . .)°)°, . . . , ((/Ob A ia A . . .)'>', • • • (<?(ii A i 2 A . . .) n ) n ) 

(4.20) 

where 

('/^, A/,..-rr ( det^j-JCjiAja...))'. 



ii>i2>- 



While if g is an element of of the form g = exp with Xk which belongs 
to gloo (g> A fe with A; > then the action becomes: 

^(expX fe ) ((i x A i_ 2 . . .)°, ...,(?! Aia A . . .)', . . . (£ t Ai 2 A . . .) n ) 
= (ii A i 2 A . . .)°, • • • , (li A ^ A . . .) fe_1 , 

(i 1 Ai 2 A...) fe + X fe (i 1 Ai 2 A...)°) fc ,..., (4.21) 
...,(EE^(iiAi 2 A...r^,..., 



((EIo^ 1 Az 2 A...)- fc r 



where we have denoted with [^] the integer part of r. 

It is still possible to construct a bosonization of the representation \l/ of gl^, 
which generalise to the our contest that already known in the literature [T2*] . 
|lHj.|15j. To achieve this task we have first to extend the representation ^ from 
q{^} to c& = 000® C^ n \ this requires to get rid from anomalies to modify our 
representation \1/ by putting 

•«) = { & Et ° ^ ^ ' ™ ! = j * ° (4.22) 

Next we must define the subalgebra s^ n ' spanned by the elements 
s* = ^ Ef tj+i , and c fc fc = 0, . . . , n 
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whose Lie brackets are 



P$p,-qC k+j if j + k < 



n 



[s k p ,s{] = { ^ " (4-23) 

otherwise. 

Using the representation \1/ this algebra is given by the free bosonic fields ah 

«J = m Tto E^f^Cg ifjeZ{0}, fc = 0,...,n 

fe " h Eto E;>o #~ V° - Etc E,<o W fc "'V; ( ° fc = 0, • • • , n. 

(4.24) 



a - fc+l 



We have indeed: 

H,ai] = { T ' S J ~ (4.25) 

otherwise. 

Now following Kac in we introduce the bosonic Fock space given by the 
direct of n + 1 copies of the usual bosonic fock space B = C[x±, x 2 , ■ ■ ■ ; q, q^ 1 ]'- 



B (n) =0A (4.26) 



j=0 



where Bi i = 0, . . . ,n are copies of £>. For our purposes it is also useful to look 
at this space as the tensor product between the Fock space B and an n + 1 
dimensional complex space: 

flW = B ® C (n+1) (4.27) 

in what follows we shall also need the decomposition in "charged subspaces" of 
given by: 

S (n) = ©B m 5 m = g m C[x l! x 2 , . . .] <g> C m . (4.28) 

mGZ 

In this setting it is namely easy to define a representation r B(n) of the Heisenberg 
algebra on as: 



if m > k — 0, . . . , n 



r B(n) (s*J=mx m ®A fe I (4.29) 
- B(n) (sg)=g^®A* fc = 0,...,n. 
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It is straightforward to see that the usual isomorphism of s = s^ '— modules a : 
F ~ B (see [12]) can be extended to a s( n )-modules a n : F^ n ' ~ simply by 
taking the direct sum of n + 1 copies of the isomorphism a. 

Let us now introduce in the contest of the fermionic fields the generating 
series: 

^ k )( z ) = J2^ k)zj r {k \z) = J2^ (k)z ~ j k = °> • • • ' n ( 4 - 3 °) 

jez j& 
and also the following operator 

r+W=E«"— r -W = E a -- k = 0,...,n. (4.31) 
— 4 n z — 4 n 

n>l n>l 

In the bosonic picture using the tensor product these latter generating series can 
be also written as: 

T k (z) = Y— ^-®A k T k _(z)=Y—x n ®h. k . (4.32) 
^ n dx n 

The isomorphism a n : F^ ~ B^ allows us to construct a generalised boson- 
fermionic correspondence: 

Theorem 4.6 For every k = 0, . . . , n we have: 

rbWfz) =z°^qT k (z)Ti(z)- 1 

+ (4.33) 

^< k )(z) =q' l z~<T k _{z)~ l T k + {z). 

Proof Let us prove only the first of equations (J4.33)) since a completely similar 
construction works for the second ones. From the equations (|4.24j) and ()4.30j) we 
obtain that 



[al^(z)] 



[a$,il>*®(zj\ 



z j ij {k+i) (z) iii + k<n 
otherwise 

-z j tp*( k+i \z) if i + k < n 
otherwise 



now using the map we can transport these relations to B^ we have indeed 
for j > we have 



a 



W [oc k ,^{z)\ (o-W)- 1 = £- <g> A k ,a^^ i \z)(a^)- 1 

otherwise 
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while for j negative 



a 



(n) j^* ^W(^)] (aW)- 1 = [ Xj <g> A fc , a("V W (' 2 )( ff(n) ) _1 ] 

^(rW^^tzjfffW)- 1 if i + fc < n 
otherwise. 

Using these equations, the fact that can be written as ipjA k and lemma 14.5 
of ^21 we can now conclude that the operator a^ij)^ \a^)~ l brings the subspace 
Bm in the subspace -B^+i f° r every m and it is of the form 



a^f\a^)- l = C m {z)qY k {z) 

with 

T\z) = jexp zix)j exp ^- £ ^^"J J ® A* 

while the same argument used in the proof of Theorem 14.10 in ^2] shows that 

C m {z) = z m +\ 

□ 

Theorem 4.7 TTie generating series for the representation ^ M-iyQ of gl^ is 

(\ m -i 

7) ^.*) ( 4 - 34 ) 

w/iere 

r fc (z 1; z 2 ) = (* + 1) exp(^(^ - zl)x p ) exp(^ Zl - ~ ^ 2 - A) A *. (4.35) 
Proof We observe that from ()4.30j) follows 

ijGZ 

substituting ()4.33j) we get 



Z=0 
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Since it holds ^2] for every < I < k that 

r*-^)- 1 ^)- 1 = rL^)- 1 ^-'^!)- 1 (1 - fj 1 

the previous equation using also ()4.32|) becomes 

E,=(? +Z ew{I2p>i( z iXp) e k-i+s,s Er=i ex P(E P >i -z%x p )ei + r ir 

z -p_§_ z -p a 

En—k+l /v* 1 \ ' /V* 1 Sx v \ 
s =0 eX P(Ep>l -^^)e k -l+s,s Lr=0 eX P(L p >l ^hl+^r 

and finally 

< fc + '> (I) " f ) " «*S>f " ^ ^^> A ' 

□ 



5 Coupled Hirota bilinear equations 



The aim of this section is to derive from the vertex operator algebras constructed 
in the previous one the corresponding hierarchies of Hirota bilinear equations. 
The key link to connect our representations with the corresponding bilinear equa- 
tions are opportune homogeneous Casimir operators acting on particular tensor 
product of representations. Since the Lie algebras g^ and the generalised Clif- 
ford algebra CL^ as well have an ad-invariant symmetric bilinear non degenerate 
form we can use them in order to define a corresponding homogeneous Casimir 
operator. 



Definition 5.1 1. Let X i 



, dim(g) be a basis for g we define 



fc=0 1^1=0 2-/iJ=l 

"Ewe* A ® tP > x \ ® tq ) ( x t l ® * p ) ® (*{ ® 

(5.1) 



fi i = El=o ELo E Jljez ^Ti(^ (m) ? ^* (fe) )v»+^r ; ® V>. 



(m) 



, *(fc) 



Efc=o E;=o Ejez k+i^j ®lpj^- 



(5.2) 
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Observe that these Casimir operators can be defined as the canonical Casimir 
operators of the respectively reduced tensor product 

Cfl®CW(A))® cW(A) C0®CW(A)) 

(5.3) 

(CL ® C^(A)) ® cm{x) (CL <g> C^(A)) 
since for example we have 

n n n 

fc=o jez fc=o jez fc=o jez 

This in turn suggests to consider the action of the Casimir operators on a similar 
modified tensor product of representation's space. The first step towards the 
construction of such modified tensor product is to note (as already observed in 
equation (|4.1|) for the algebras q^) that the representation's spaces can be viewed 
as the tensor product between a infinite dimensional space V and C n+1 where the 
polynomial ring C^(A) acts. Moreover it is easily to see that this C^ n - ) (A)-module 
is isomorph to C^ n ^(A) thought as C^ n ^(A)-module over itself. This fact allows us 
to decompose our representation's space as the tensor product: 

V {n) (\) = V® C (n) (A). (5.4) 

Then mimicking what done in (J5.3|) we consider the "modified" tensor product 

{V <g> C (n) (A)) ® cC i) (V <g> C {n) (A)) (5.5) 

where the representation of our algebra still survive, because this process boils 
down to perform a projection with respect to an invariant subspace namely: 

n 

(V ® C W (A)) <g> ((V <g> C (i) (A)). 

These will be the space where our generalised Hirota equations will live. 
5.1 Coupled KP hierarchies 

Let us compute these equations explicitly starting with the case of gfe ■ 

Using equations (|4.16j) it is possible to check that Qi commute with action of 
g[^ } on FW(A) ® c( i) FW(A) and therefore with that of GL$ . But this in turn 
says that any element r = (r , . . . , r n ) of the orbit of GL$(\0), 0, . . . , 0) satisfies 
the equation 

n n k 

E E E E jfT^r (*> ® *f w = 

p,?=o fc=o z=o jez 

p+q<n 

and to the contrary using the argument of Theorem 14.11 in that holds 
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Lemma 5.2 The orbit of GL^\0) is the set of all nonzero solutions r 6 Fq of 
equation i5.6]) . 

Our generalised Hirota bilinear equation will be the bosonic version of equation 
()5.6|) . To apply to it the isomorphism we have to write it in terms of ip^ k \z) 
and il)*( k \z) as 

n n k 1 

z°-termof ^ j—^ {k - l \z)r p ® {z)r q = Q . (5.7) 

P,q=0 k=0 1=0 ^ 
p-\-q<.n 

Then its bosonizated form is 

Tl Tl Iz j ^ 

p,?=o k=o 1=0 j>i j>i J i i 

(5.8) 

Introducing the new variables 



1 / // 1 

Xj — — (Xj + Xj ) Ijj — — (Xj — Xj 



equation (|5.8|) becomes: 



Tl Tl k A c~\ 

z 3 , a 



re^ =0 YY( ex P 2 Y z3 (yj))( ex P-J2—(-Q-)) T p( x + y) T Q( x -y) = °- 

P ,q=o k=o 1=0 j>i j>i ^ Vi 

This latter equation can be easily written in terms of elementary Schur polyno- 
mials as: 

k 

^2^2 S j( 2 y) S j+i(-9 y )r P (x + y)T k ^ p (x-y) = k = 0,...,n (5.9) 

p=0 j>0 

where as usual d y means (jj^, |^j> !a^> • • Then introducing the Hirota bi- 
linear differentiation by: 

d d 

P{Dx, D 2 , . . .)fg = P(n—, -k— , ■ ■ -)f(xi + ui, x 2 + tta, . . .)g(xi - Ui, x 2 - u 2 , . . .) 
and using the Taylor formula 

P(dy)T p (x + y)r q (x -y) = P(d u )r p (x + y + u)r q (x - y - u)\ u=0 

= P{d u ) (exp J2j>i Vj^T-) t p( x + u)Tg(x - u)\ u=0 . 
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we can write (|5.9|) in the Hirota bilinear form: 

y s D s T p T k ^ p k = 0, . . . , n. (5.10) 

p=0 j>0 \ s>l J 

(Here again as usual D stands for (Di, \D 2 , • • • 0). Expanding ()5.1U|) as a 
multiple Taylor series in the variables 2/1 , 2/2 5 • - - we obtain that each coefficient of 
the series must vanish giving arise to a hierarchy infinite number of non linear 
partial differential equation in a Hirota bilinear form, which of course contains 
the celebrated KP hierarchy Observe that P(Di, . . . , Dp.) Ylp=o T p T k-p — iden- 
tically for any odd monomial P(Di, . . . , Dk) in the Hirota operators Dk because 
Ylp=o T p T k-p = Ylp=o T k-pT p for any k = 0, . . . ,n. Therefore the first non trivial 
coupled Hirota equations are: 

(Df + 3D\ 
(Df + 3D\ 

(Df + 3D\ 



- 4 J D lJ D 3 )r r = 

- W 1 D z )t t 1 = 

(5.11) 

-4 J D lJ D 3 )(E" = o r ^)) = 



(Df + 3D 2 2 - 4 J D lJ D 3 )(E;=o^n- P )) = 

To write this equations in the "soliton variables" we perform the change of vari- 
ables Uq = 2 a g|i T0 \ Ui = ^ which generalises to our case those proposed by 
Hirota, Hu and Tang in JU|. In these new variables equations (|5.11|) read 



u 0yy ~ ( u 0t ~~ ^UqUqx — \uq xxx ) x — 



^kxxxx ^^kxt ^ItfcuT/ ~\~ QUoUkxx 

(5.12) 

+ [J2j=i ^ u jxU(k-j)t + 2Uj t U(k-j) x — 3ujyii(k-j)y 

QUQUjxU(k— j}x 2Uj xxx U^k—j)x 
— 3Uj xx U(k—j)xx ^U'jx^'(k—j)xxxj ^ 1, . . . J1 

where x = xi, y = x 2 and t = x 3 . The vertex operator construction offers a 
canonical way to produce a class of generalised soliton solutions for these equa- 
tions. Let u{, . . . u 3 N v I, . . . v 3 N j = 0, . . . , n be some indeterminates, then using 
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the property of the Taylor expansions we have that written in component 

(n,U(E^=or(^,^)A fc O(^(^i^ 2 , ...),-. • ,r n (xi,x 2 , . . .)) T ) m 



ki,...,k N ,a=o Yii 

fcx + ... + fcj V + s = m 



x (exjpJ2 r >i EjIiO/ 



<i<j<N 
ki\r 



(« 



-t!. )(l>- — U- ) 
I J * ' 



(5.13) 



x r. 



m 



n. 



This equation tells us that any matrix Efc=o r(« fc , v k )A k acts as nilpotent operator 
it hold indeed 



Lemma 5.3 For every s < s < n we have that 

n 



(5.14) 



k=0 



for every r r G C(x\,X2, . . .) and every choice of u k and v k , if and only if s > 
where [x] denotes the integer part of x. Moreover the m-th com- 



l+i/l+8(n-r) 



ponent of the vector (Efc=o r(w fc , v k )A k ) s (0, . . . , r r , 0, . . .) T vanishes identically if 



and only if s > 



l+y/l+8(m-r) 



Proof If we set in formula ()5.13|) 



U : 



w fej and v ^ = v kj then it is easily to 



check that (J%=o T ( u ^ ^)A fc ) s (0, . . . , r r , 0, . . .) T = for every t s G C(xi,x 2 , ■ ■ •) 
and every choice of u k] and v j if and only if kj = ki for some kj and ki in 
each set of non positive integers {k\, . . . k s } which appears in the right hand 
of ()5.13|) . Or in other words if and only if any set of non negative integers 
{k\,...,k s } such that Ei=i^« = n — r contains at least two elements which 
coincide. Suppose that {k\, . . . , k s } is a sequence with all elements distinct such 
that E*=i ki = n — r, then, since the sequence of s non negative pairwise distinct 
integers whose sum is the smallest is obviously {0, 1, . . . , N}, we must have that 



n ~ r = E;=i k i > E 



i=0 " — 2 

l+A/l+8(n-r) 
2 



satisfied only and only if s > 
proves the second part of the lemma 



Therefore equation ()5.14|) is identically 
A completely similar argument 



□ 



Using the statement of the lemma we can write the exponential map of an element 
of the type Efc=o a k^(u k , v k ) as 



exp(^ ai r(«*,t>')) = ^A' 



/[ 



k=0 



k=0 



i+yi+8fc 

2 J 

E 

j=0 



1 3 



si- 
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Therefore from the lemma 15.21 follows that the N soliton solution of the polyno- 
mial KP hierarchy is 



'i+yi+8fc1 



In particular the 1-soliton solution (again written in component) is 



re=i«sT(^,^))(i,o,...,of. 

(5.15) 



j\ Z^ sl +...+ Sj =k 1 li=l u «i llo<i<Kj (« 3i -u S j)(t) 8i -« s ,) 



_ v^L 2 
- 2^j=o 

x (exp E r >i Ef=i« - <>rj m = 0. 
In the simplest coupled case when n = 1 equations ()5.12|) become 



n. 



\ u 0yy ~ { u 0t ~ ^UoUqx ~ \uq xxx ) x — 
Ul xxxx - iUixt + 3u lyy + 6u u lxx = 0. 
For this equations the 1-soliton solution with a = a% = 1 takes the form 



(5.16) 



/ \ 

TO 
\ Tl J 



\ 



+2 



{UQ~-Ul)(vQ-Vl) 

(uq-vi)(vo-ui) 



§j eX P(Er>lK - V + U l ~ <) X r) j 



Of course in the contest of the single equations ()5.16j) (and actually for n = 2) 
we can view the indeterminates 374, X5 . . . as parameters in the expression of the 
solution, which will explicitly depend only from the first three ones. Therefore 
explicitly: 

u (x, y, t) = |(w Q - w )(cosh(i('u - v )x + (u 2 Q - v$)y + (ug - v$)t + 7o))~ 2 

ui{x,y,t)= \ (cosh(|(w - v )x + (ug - vl)y + (ug - uj})* + 70)) 1 

X {e _ i^ uo ~ 1 ' ) :c+ ( 11 o-' ,; o)?/+( ,1 o- 1 'o) i +')'o 

, 2 (Mo-ui)(i>o-fi) c ^ffan— ttok+fag-^gb+fag-^glt+'Yo'n 
(uo— «i)(«o— «i) •* 

x g 5 ((«i —ui)a:+(u? -«i )»+(«? -«i )*+Tl ) 



(5.17) 



where 7« with z = 0, 1 are arbitrary constants. 
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5.2 Coupled KdV and Boussinesq hierarchies 



Similarly we may construct a generalisation of the KdV hierarchy (i.e., a cou- 
pled KdV hierarchy) by considering the principal "basic" representation of the 
polynomial Lie algebra C(sl^). From what done in section 4 we consider the 
C(sl^) -module Vq = ©" =0 C(xi, x 3 , x 5 , . . .) given by the formulas 



h; 



Ck 



A kd H k 



dx 



jXjA k 



j eN odd ,k = 0,l...,n 



— A k , 2d — t^Aq — — EjgN odd j x j^- k ~{ix~ k — 0,1 ... , 



n 



k — 0, 1 . . . , n 



A k (z) =±(T k (z)-l), 
where 

H k 2j+1 = * (X k a - tX k _ a ) , A% = -t> (tH k a ) , A k J+1 = t> (X k - tX k _ a ) 



(5.18) 



with 



\ k x k . 



v 1 °/ 



A* Hi 



I 1 0^ 



-1 



A 



and finally 



Y k {z) = exp 2 



( 



Z 3 X 



3 



odd 



exp • 



V 



j £N odd 



z~ 3 d 
j dxj 



A k . 



Then the polynomial Hirota bilinear equation are given by 

®c(D(A) ^) = ® C (1) (A) 

where /i G C which is equivalent to the following hierarchy of bilinear equations: 

EjU (E J>0 fii(4yi, 0, 4y 3 , . . .)$(-? A, 0, -§£> 3 , • • •) - 8 £ i6ipdd 
x (exp EjeN° dd r P r fc- P = k = 0,...,n. 

(5.19) 

Reasoning as in the previous case of the coupled KP equations we have that the 
first non trivial bilinear equations in the hierarchy are: 



^(-4/^3 + D^TpTk-p = k = 0, . . . , 
p=0 



n 
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are a generalisation of the coupled equation (12) in ^U] namely by imposing the 
variable transformation Uq = 2 



d 2 log(ro) 
dx 2 



— i = 1 n we get: 



(u ot - lu o u 0x - \u 0xxx ) x = 

XX 

+ (X)jf=l 2MjxM(fc-j)t + 2u jt U{k-j) x 

QUQUjxU^k—j^z; 2iUj XX xU^k—j)s 
3'Uj xx U(i c —j') XX 2%Lj x 1l(\ : _j^ XXOl 

In particular for n = 1 we have 



k = l,...n. 



(5.20) 



Uot — 2 U u 0x — iUq xxx — 
xxxx 



0. 



(5.21) 



This latter equations make the contact with the literature [TU] and [22] (more 
precisely setting u = u , v = u\ x and rescaling the time t — > —At one obtains 
equations (2) of [22] )• Further is worth to note that by taking the derivative with 
respect to x of the second equation and putting t> = u and V\ = u\ xx equations 
(|5.21|) become 

vot = lv v 0x + \v 0xxx 

V U = \v\xxx + ^V V lx + ^VoxVx. 

These equations are bihamiltonian with respect the two Poisson tensors pQ [7j 



Pi 



nd xxx + 2v d x + Vqx 











\ 



-2d x 



i \d X xx + 2v d x + v . 



2d x 



J 

\d xxx + 2v d x + v 0x 
2vtd x + v lx 



\ 



namely 



/ \ 



( 



Pi 



Ivixx ~ jVoVl 



\ 
J 



Pi 



( 1 \ 

2«1 



V 
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Similarly they can be also written in the Lax form ^ = [L, P] where 



/ 







P 



\ 



d xx + v 

vi d xx + v 

— 9 XXX — |woa; — |^0^: 

~jV lx - %vtd x 



—d xxx — jVqx — ^vod x 



\ 



J 



Moreover analogous changes of variables lead to the Lax pairs for the other hier- 
archies arising from the Lie algebras C(sl^). 

Actually, as in the standard case, these hierarchy can be recovered from the 
polynomial KP (j5.11j) by performing a reduction procedure, which amounts to 
eliminate the dependence from the "even" variables x<ij j G N of the Fock space. 
This in turn corresponds to restrict the representation of onto its subalgebras 
C(sl^), giving Lie algebraic explanation of what done in the recent literature [TB] . 
Therefore the soliton solution for the coupled KdV hierarchies can be recovered 
from those written for the coupled KP equations f)5. 15j) erasing the even variables. 
In the particular case whereas n = 2 this reduction method applied to (j5.17|) leads 
to the following solutions: 

Uo(x,V,t) = \{u Q - f )(cosh(i(M - v )x + (ul - v$)t + 7o))~ 2 

ui{x,y,t)= § (cosh(|(w - v o) x + ( u o ~ v o)t + lo)) 1 

x | e -|((«o-"o)^+(«g-^)t+7o (5.22) 

, o (up -m ) (vp -vi ) c i ( ( Un -vq )x+fag -i>g )t+j ) 1 
(uo-vi)(vo-ui) > 

xe ^((ai-«i)i+(«?-»f)!+7i) 



where 7i with i = 0, 1 are still arbitrary constants. 

In the same way we can recovered from the coupled KP hierarchy the "coupled 
Boussinesq" hierarchy by erasing all the variables x^j with j 6 N, which again 
corresponds to restrict our representation to the Lie algebra C(si^). In this case 
the first non trivial bilinear Hirota equations: 

n 

{D{ + 3D 2 2 ) r P r n - p ) = k = 0,...,n. 

p=0 

In particular when n = 1 putting uq = 2(log(r )) xx and as usual U\ = ^ we get 

3u ott + u 0xxxx + 6ul x + 6u u 0xx = 

xxxx 

+ Qu ui xx = 
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where we have put x = X\t = x^- The multi-soliton solutions of these equation 
can obviously recovered from the solutions (J5.15|) by erasing the variables x^. 



5.3 Coupled BKP hierarchies and their first reductions 

The construction presented above can be extended to simple Lie algebras, which 
are not of type A. In particular we would like to finish the paper by outlining 
briefly the case of the Lie algebras of type B. In order to construct the bilinear 
Hirota equations for the polynomial BKP hierarchy, we have to consider the 
polynomial Clifford algebra CLg defined (like in definition I4.2J1 as the Clifford 

(k) 

algebra generated by the elements i G Z k = 0, . . . , n and by the symmetric 
bilinear form: 

if j + k<n 
otherwise. 



T) 



Let V be the irreducible Verma module with highest weight vector |0) for the usual 
Clifford Lie algebra CL B (i.e. CL^). The algebra CL^ acts on = ®% =0 V k , 
Vk — V for all k by the formula 

(t) { i\v 0) ...,v n ) = (O^^O, favo, . . . , 4>iV n ^j). 

j 

Using this action we can define for n G Z odd the neutral bosonic fields: 

k 

2(k + 1) ^ ^ 3 v -3~ m 

v ^ ) 1=0 j>l 

which generate the associated Heisenberg algebra 



\p8 p ^ q K h+k if h + k < n 



otherwise. 

Now we can define a generalised boson-fermion correspondence of type B : 
y(n) _^ B {n) = ©£ =Qj B fc w h ere B k = C[xi,x 3 ,x 5 , . . .; q}/(q 2 - §) for all k, which 
nothing else that the direct sum of n + 1 copies of the usual isomorphism ^2] &b 
and therefore 

4 n) (o 1 _^o,|o),o...,o) = (o 1 __o,i,o...,o) 

fe-1 k-1 

4"Vo(|0),0...,0) = (0,__0,g,0...,0) 

fe-1 
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and for p G N' 



odd 



Then if we introduce the neutral fermionic fields: 
we can show fas in the case of aao) that 



a 



B 



y^W)- 1 = A fe gexp [ £ ] exp [ -2 £ 

,- gN odd 



j dxj 



Our aim is now to construct a fermionic representation of the infinite dimensional 
polynomial Lie algebra S0ro =S0oo®C^(A) (and actually of = b 00 ®C ( - n \\)) 
spanned by the elements Ft = {—iyEf- — (— l)*^* • ; where the E\- are the basis 

of 0t£o? previously considered. Mimicking the same proof of Theorem 14 . 41 one can 
prove indeed that the following formula: 

k 



k + 1 ^ 9 ~ j 

1=0 



defines a representation of SOcc , which can be linearly extended to a representa- 
tion of b^} by putting 



TlEtoC V^if^Jor^j^O 



k+l 

p(c fe ) =A fc fc = 0,...,n. 

This representation turns out to be the direct sum of two representation de- 
fined respectively on Vq (the even elements V^) and on V± (the odd ones). 



Moreover it can be checked that the map : V (n) ~ ® n k=0 B k0 (where 5, 



AO 



C(xi, x 2} x 3} . . .) for all k) is a so oo -isomorphism between the representation p\ Vo 
and the following vertex operator construction of the same algebra: 



where 



r*( 2l , 22 ) = (fc + l)A*exp I J2 x M+4) I exp l-l^^ *' 



1 \ dec j 
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In order to construct the polynomial nBKP hierarchy of Hirota bilinear equation 
we use the operator 

n k 

fc=o 1=0 jez 

commuting with the action of the algebra . The equation on <8> C (i)(a) 

n 1 k 

fc=o 1=0 

transferred to ® k=0 B k0 gives rise to the coupled BKP hierarchy 

]C S 5 i( 2 %) 5 'i( _ ~ jD i) ( ex P 2/ s ^) r P r fc-P fc=0,...,n. (5.23) 

p=0 jgN odd ^ \ sgN odd / 

For example the first non trivial ones (which therefore can be viewed as general- 
isation to the B case of those written by Hirota) are the coefficients of y$ in the 
expansion of (|5.2Hj) : 

k 

Y^D* - 5D1D3 - 5D 2 3 + DxD^TpTk-p = k = 0, . . . ,n. 

p=0 

Performing the change of variables wo = 2 9x °q^ and w\ — r 3 - i — 1, . . . n these 
equations become 

{w 0xxxxx + 30w 0x w 0xxx - 5w 0xxy - 30w 0x w 0y + Q0w^ x + 9w Qt ) x - 5w 0yy = 

—Swiyy + I80w 0x w lxx + 9Wi xt + 30w 0xxx Wi xx 

+30w 0x wi 

xxxx + W\ XXXXXX — ?£>WQ X W\ X y — 30W()yWl XX — hW\ XXX y ~ 

where x = x\ y = 23 t = x$. Once again from these equations by performing 
opportune reduction process (namely eliminating the variable X( 2m +i)j) we can 
obtain the coupled B m soliton equations. In particular for m = 1 we get the 
coupled Kotera-Sawada hierarchy [21], whose first non trivial equation when 
n = l w = 2{\og(T )) xx and w x = ^ is 

9w ot + w 0xxxxx + 3w 0x w 0xxx + 3w wo xxx + 180wqW 0x = 
180w w lxx + 9w lxt + 30w Qxx w lxx + 30w w lxxxx + w lxxxxxx = 

where x — x\ and t — £5. 
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Of course exactly as in the non coupled case these hierarchies can be also obtained 
by applying our construction to the Lie "polynomial" algebras (A^)( n \ While 
for m = 2 one obtains the coupled B2 hierarchies, which again when n — 1 has 
as first non trivial equation: 

(w 0xxxxx + S0w 0x w 0xxx - 5w 0xxt - 30w 0x w ot + 60w$ x ) x - 5w m = 
-5w ltt + 180u;oxWixx + 30w 0xxx wi xx + 30w 0x w lxxxx 
+Wlxxxxxx - S0w 0x w lxt - 30w tWi xx - 5w lxxxt = 

where x — x\ and t — x%. Finally the vertex operator construction provides (as 
in the case of the hierarchies of type A) the multi-soliton solutions for all the 
hierarchies written above. 

Acknowledgements 

The authors wish thank Franco Magri for many helpful discussions and for 
the interest showed for our work. P.C. would like to thanks very warmful the 
participants of the Conference on Infinite Dimensional Lie Theory and Its Ap- 
plications (July 21-25, 2003) held in The Fields Institute of Toronto for very 
interesting discussions which have stimulated the first ideas for the present work 
and the members of Mathematics Department of the Chalmers in Goteborg where 
part of the work has been done for their welcomed hospitality. CO. thanks Ser- 
gio Cacciatori for useful discussions on the physical relevance of the integrable 
hierarchies. 

References 

[1] M. Antonowicz, A. P. Fordy, Factorisation of energy 

dependent Schrddinger operators: Miura maps and modified systems Comm. 
Math. Phys. 124 (1989), no. 3, 465-486. 

[2] A. O. Barut, R. Raczka, Theory of group representations and applications. 
PWN— Polish Scientific Publishers, Warsaw, 1977. xix+717 pp. 

[3] Y. Billig Sine-Gordon equation and representations of affine Kac-Moody 
algebra sl 2 J. Funct. Anal. 192 (2002), no. 2, 295-318 

[4] E. Date, M. Jimbo, M. Kashiwara, T. Miwa, "Transformation Groups for 
Soliton Equations." In: Proceedings of R.I. M.S. Symposium on Nonlinear 
Integrable Systems-Classical Theory and Quantum Theory, M. Jimbo, T. 
Miwa eds., pp. 39-119, World Scientific, Singapore, 1983. 

[5] V. G. Drinfeld, V. V. Sokolov, Lie Algebras and Equations of Korteweg-de 
Vmes Type. J. Sov. Math. 30 (1985), 1975-2036 



47 



[6] G. Falqui, F. Magri, M. Pedroni, J. P. Zubelli bi-Hamiltonian theory for sta- 
tionary KDV flows and their separability Sophia Kovalevskaya to the 150th 
anniversary. Regul. Chaotic Dyn. 5 (2000), 1, 33-52. 

[7] A. P. Fordy, A. G. Reyman, M. A. Semenov-Tian-Shansky Classical r- 
matrices and compatible Poisson brackets for coupled KdV systems, Lett. 
Math. Phys. 17 (1989), no. 1, 25-29 

[8] I. Frenkel, J. Lepowsky, A. Meurman Vertex operator algebras and the Mon- 
ster Pure and Applied Mathematics, 134. Academic Press, Inc., Boston, MA, 
1988. liv+508 pp. ISBN: 0-12-267065-5 

[9] R. Hirota Bilinear forms of soliton equations. Nonlinear integrable systems- 
classical theory and quantum theory (Kyoto, 1981), 15-37, World Sci. Pub- 
lishing, Singapore, 1983 

[10] R. Hirota, X. Hu, X. Tang, A vector potential KdV equation and vector Ito 
equation: soliton solutions, bilinear Backlund transformations and Lax pairs 
J. Math. Anal. Appl. 288 (2003), no. 1, 326-348. 

[11] J. Humprhreys Introduction to Lie Algebras aqnd Representation Theory 
(third printing) Revisited Springer Verlag, Heidelberg, 1980. 

[12] V. G. Kac Infinite diemsional Lie algebras (third edition) Cambridge Uni- 
versity press, Cambridge, 1990. 

[13] V. G. Kac Vertex algebras for beginners (second edition) University Lecture 
Series, 10. American Mathematical Society, Providence, RI, 1998. vi+201 
pp. ISBN: 0-8218-1396-X 

[14] V. G. Kac, D. H. Peterson Lectures on the infinite wedge-representation 
and the MKP hierarchy. Systemes dynamiques non lineaires: integrabilite 
et comportement qualitatif, 141-184, Sem. Math. Sup., 102, Presses Univ. 
Montreal, Montreal, QC, 1986. 

[15] V. G. Kac, M. Wakimoto Exceptional hierarchies of soliton equations Theta 
functions— Bowdoin 1987, Part 1 (Brunswick, ME, 1987), 191-237, Proc. 
Sympos. Pure Math., 49, Part 1, Amer. Math. Soc, Providence, RI, 1989. 

[16] S. Kakei Dressing method and the coupled KP hierarchy. Phys. Lett. A 264 
(2000), no. 6, 449-458. 

[17] G. Magnano, F. Magri, Poisson-Nijenhuis structures and Sato hierarchy. 
Rev. Math. Phys. 3 no. 4, 1991, 403-466. 

[18] A. Medina, P. Revoy, Algebres de Lie et produit scalaire invariant. Ann. Sci. 
Ecole Norm. Sup. (4) 18 (1985), no. 3, 553-561. 

[19] A. Ooms The Frobenius semiradical of a Lie algebra. J. Algebra 273 (2004), 
no. 1, 274-287. 

[20] A. Pressley, G. Segal Loop Groups Oxford University, Oxford, 1986 



48 



[21] M. Pedroni, P. Vanhaecke A Lie algebraic generalization of the Mumford 
system, its symmetries and its multi-Hamiltonian structure. J. Moser at 70 
(Russian). Regul. Chaotic Dyn. 3 (1998), no. 3, 132-160. 

[22] S. Yu. Sakovich A note in the Painlev e property of coupled KdV equation 
|arXiv:nlin.SI/0402004| 

[23] M. Sato The KP hierarchy and infinite- dimensional Grassmann manifolds. 
Theta functions — Bowdoin 1987, Part 1 (Brunswick, ME, 1987), 51-66, Proc. 
Sympos. Pure Math., 49, Part 1, Amer. Math. Soc, Providence, RI, 1989. 

[24] Sawada, K., Kotera T. A method for finding N-soliton solutions of the K.d. V. 
equation and K.d.V.-like equation. Progr. Theoret. Phys. 51 (1974), 1355- 
1367. 

[25] M. Sato, Y. Sato Soliton equations as dynamical systems on infinite- 
dimensional Grassmann manifold, Nonlinear PDEs in Applied Sciences (US- 
Japan Seminar, Tokyo), P. Lax and H. Fujita eds., North-Holland, Amster- 
dam, 1982, pp. 259-271. 

[26] G. Segal, G. Wilson, "Loop Groups and equations of the KdV type." Publ. 
Math. IHES, 61, 5-65 (1985). 



49 



